Abstract. We investigate the effects of having an absolute continuity relation between the time-ordering measures in Feynman's operational calculus. In particular, we obtain some theorems concerning the formation of functions of several noncommuting operators or operator-valued functions under specific absolute continuity assumptions on the time-ordering measures.
Introduction
In the setting of Feynman's operational calculus we are concerned with the formation of functions of several noncommuting operators. While this problem is an important one in many areas of mathematics and physics, it is also a difficult one. For suppose that f (x, y) = xy. If we wish to evaluate f (A, B) for A and B noncommuting linear operators, there is clearly an ambiguity as to how to proceed. Is the result AB, BA, 1 2 (AB + BA), or some other quantity? (This ambiguity is present even if the operators involved are self-adjoint and bounded.) This problem was of concern to Richard Feynman [2] due to his interest in quantum theory where the observables that one considers are self-adjoint operators which generally do not commute with one another. To cope with this ambiguity, Feynman invented some 'rules' for the formation of functions of noncommuting operators. These are:
(R1) Attach time indices to operators to indicate the order in which they act in products. (Note: Operators sometimes come with time indices naturally attached.) Feynman's time ordering convention was that an operator with a smaller (or earlier) time index should act before one with a larger (or later) index no matter how they are ordered on the page.
(R2) With time indices attached, form functions of these operators as if they were commuting. (If one stops naively at this point, the 'equality' involved is usually false. For example, it might say that e A+B = e A e B even though A and B do not commute.) (R3) After (R2) is completed, 'disentangle' the resulting expression; that is, restore the conventional ordering of the operators. In practice, this means to manipulate the expression (if possible) until the ordering on the page coincides with the time ordering. A 1 (s), . . . , A k (s), we will be unable to find any reasonable relation between the domains of the disentangling maps corresponding to the two k-tuples of measures. Here we will slightly redefine the domain of one of the disentangling maps in order to obtain a theorem which again expresses the same end result as those mentioned above. In each of the settings described above, once we have identified the algebra of functions to which we can apply the disentangling maps corresponding to the two k-tuples of measures, the equation relating the action of these maps will have the same form.
Notation and definitions
In what follows we carefully define the disentangling map. The first definitions construct the domain of the disentangling map as a commutative Banach algebra. This Banach algebra will supply the commutative setting in which Feynman's rules stated in the introduction can be applied in a rigorous fashion. Definition 2.1. Let r 1 , . . . , r k be positive real numbers. Define A(r 1 , . . . , r k ) to be the set of all complex-valued functions of k complex variables which are analytic at (0, . . . , 0) and are such that their power series expansion
converges absolutely, at least on the closed polydisk |z 1 
With this norm A is a commutative Banach algebra. (See [3] for a proof of this fact.)
We now define another, essentially identical, Banach algebra. Let X be a Banach space and let
Remark 2.1. We will assume throughout that the Banach space X is separable. While this assumption is not needed in the time independent setting, it is necessary for the time dependent setting. 
where
The expression defined in (4) is a norm under which D is a commutative Banach algebra (see [3] ).
Remark 2.2. It is the algebra D that forms the "commutative world" that will be used to do the calculations required by Feynman's rules.
We are now ready to define the action of the disentangling map as a linear operator from D(A 1 , . . . , A k ) to L(X). To this end, associate to each A i a continuous Borel probability measure µ i on the interval [0, T ]. These measures serve to time order the operators as discussed in the introduction. Let
Definition 2.3. We define the action of the disentangling map on
and
Finally, for f written as in (3) we define
Remark 2.3. It is easy to obtain equation (6) using the assumption that our measures are probability measures as well as Feynman's rules that are given in the introduction. One first writes the monomial (A
n k using integrals with respect to the probability measures involved. Then the time ordering is carried out using the sum over the permutation group. It is here that the formal objects corresponding to the C i (s) make their appearance. However it seems reasonable to state this as a definition at the outset.
The reader will note that the definitions above were written only in the time independent setting. The natural question at this point is how to define the corresponding Banach algebras in the time-dependent setting. The definition we use below was used in [9] and [5] . We first define the disentangling algebra. Let µ 1 , . . . , µ k be continuous Borel probability measures (the time ordering measures) on [0, T ] such that
We use these real numbers as weights to form the algebra A T (r 1 , . . . , r k ) as above. We can form the corresponding disentangling algebra by using formal commuting objects (
The disentangling algebra is defined as before using these formal objects.
For a function f written as a power series in these commuting objects, we define the disentangling map exactly as above, that is,
Even though the formal objects defined here clearly involve the measures used, we will, for simplicity, continue using the same notation for the formal object in our calculations. It is shown in [5] that the definition of the disentangling map given in equation (11) defines a continuous linear contraction from the disentangling algebra
In fact, in the time independent setting the disentangling map is a norm one contraction. However, in the time dependent setting it is no longer the case that the disentangling map is of norm one (see [9] ). Remark 2.4. We use a subscript T above in the notation denoting our Banach algebras to stress that we are working on a fixed interval [0, T ].
Effects of absolute continuity
We will first address the time independent setting. To this end, let let µ 1 , . . . , µ k , ν 1 
This calculation shows that
where 
Now that we have equation (15) we need to determine how this equation relates the disentangling algebras
D T (A ∼ 1 , . . . , A ∼ k ) and D T ((g 1 · A 1 ) ∼ , . . . , (g k · A k ) ∼ ).
From [3] we know that the algebras
It is clear that the algebras A T (R 1 , . . . , R k ) and D T ((g 1 · A 1 ) ∼ , . . . , (g k · A k ) ∼ ) can be identified by essentially the same map, i.e.
Hence it is clear that our two disentangling algebras can be identified and we will treat the identification as an equality. Now that we know that the disentangling maps being applied on the right and left sides of equation (12) have the same domain, we will proceed to establish the equality of these two expressions. To this end, let m 1 , . . . , m k be nonnegative integers. We have, using our absolute continuity assumption,
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It is now clear that the disentangled expressions involving the formal objects satisfy
where the left side of (20) is calculated using the measures µ 1 , . . . , µ k and the right side is calculated using the measures ν 1 , . . . , ν k . Moreover, with
and the "usual" definitions of
e. obtain the appropriate operator by erasing the tilde) we see that the asserted equality holds.
The previous theorem can be immediately generalized to the following.
Theorem 3.2. Under all of the hypotheses of Theorem 3.1 the maps
Proof. The proof is accomplished by applying Theorem 3.1 to each term of the power series expansion of the function f .
Corollary 3.1. Assume the hypotheses of the previous theorem. Suppose that ν
where now g i = dµi dν for each i. Theorem 3.2, in particular equation (23), establishes the relationship between two k-tuples of measures where each measure in one k-tuple is absolutely continuous with respect to the corresponding measure in the other k-tuple. As might be expected, this relation continues to hold even when we move to the setting where we no longer have probability measures serving as time-ordering measures. The change will be in the domains of the disentangling maps used on each side of (23).
Remark 3.1. In what follows we use non-probability measures to time-order the operators. As is shown in [3] , the use of non-probability measures does not change the disentangled expressions. However, the weights used do change somewhat and we will follow the notation used in [3] for the disentangling algebras that result. (In fact, the easiest way to see how the weights change is to look at equation (10) 
It is shown in [4] that even when non-probability measures are used, the application of Feynman's rules gives us identical results. Consequently the disentangling map is defined exactly as in the probability measure case. The difference is in the domain of the disentangling map, and this is illustrated by equation (10) 
where we use the notation µ for |µ|([0, T ]). From this calculation it is clear that
. This inclusion clearly induces an embedding
Via this embedding we can consider the first disentangling algebra in (27) to be a subalgebra of the second. We can now state our next theorem.
Proof. The proof is almost immediate. The disentangling map as defined when nonprobability measures are present gives identical results as obtained using probability measures. Hence the proof is clear.
Effects of absolute continuity in the time-dependent setting
The reader will recall that the disentangling map T µ1,... ,µ k was defined above in both the time-independent setting as well as in the time-dependent setting.
can be identified with the disentangling algebra
Moreover, for any f in these (essentially identical) disentangling algebras we have
Proof. As before, once the domains of the disentangling maps have been identified, the proof is a straightforward calculation.
Final remarks
At this point it is worth briefly commenting upon the utility of the results presented above. The author's present work has been primarily concerned with establishing stability properties for Feynman's operational calculus. (See [8] , [9] , [10] .) In particular, the study of stability with respect to the time-ordering measures µ 1 , . . . , µ k and with respect to the operators A 1 , . . . , A k made it clear that stability with respect to the operators was generally easier to establish. With this in mind, the author was naturally led to consider the topics above to enable the transfer of the study of the convergence of sequences of measures to the study of the convergence of the corresponding sequences of operator-valued functions (via Theorem 3.2). Work along these lines is in progress. The results presented above also show much promise in simplifying disentangling calculations in certain special cases. For instance, when all of the time-ordering measures are absolutely continuous with respect to one measure (Lebesgue measures for example), the integrals in the disentangling can be expressed as integrals with respect to one measure as opposed to a k-tuple of measures.
